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I propose a general-equilibrium model with investment heterogeneity to investigate the dynamics of Tobin's q over 
time, and more precisely why firms tend to migrate from value to growth and viceversa. Firms are assumed to 
have two types of investment opportunities: i) reinvest capital in the own industry's production process and ii) 
trade capital with other industries. In equilibrium the sequence of both types of investment decisions determines 
the level of capital accumulated in the different industries of the economy, and in turn affects the market-to-book 
ratios of the firms. I show that firm migration can be generated endogenously as a discount effect, thus driven by 
consumption, and not necessarily as a cash flow effect. Using data on asset returns, I find that my model (1) 
captures convergence of price-to-book ratios - negative for growth stocks and positive for value stocks - (firm 
migration), (2) predicts a negative relationship between market-to-book ratios and risk premia and (3) generates a 
non-monotone relationship between Tobin's q and conditional volatility consistent with the empirical evidence. 
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Since the pioneering evidence of Fama and French (1992), various researchers
have proposed several investment-based asset pricing models to rationalize
the observed value premium, that is ￿rms with low market-to-book ratios
earn on average higher returns than ￿rms with high market-to-book ratios,
and the size e⁄ect, that is small ￿rms earn on average higher returns than
large ￿rms.1 This literature, despite providing di⁄erent explanations for the
cross-section of stock returns based either on security mis-pricing, beta mis-
measurement or omitted state variables, mainly concentrates upon the op-
timal investment policy, its link with ￿rm characteristics, in particular the
market-to-book ratio, and the implications for stock returns.
However, none of these papers investigates the dynamics of Tobin￿ s q
over time. Recently, Fama and French (2007b) showed that each year some
growth stocks cease to be highly growing ￿rms, lose their growth oppor-
tunities and become value stocks, whereas, conversely, some value stocks
restructure their assets in place, acquire growth opportunities and migrate
towards growth stocks. This tendency of book-to-market ratios to become
less extreme after ￿rms are allocated to value and growth portfolios is what
they call convergence or ￿rm migration.
The goal of this paper is to study the ￿rm migration phenomenon across
value, providing a rationale to the converging mechanism driving the dy-
namics of Tobin￿ s q: Speci￿cally, I consider a multiple-industries general
equilibrium model with two types of investment, the within-industry and
the among-industries, in which consumption, investment and asset prices
are endogenously determined. My economy consists of two representative in-
dustries (the ￿rms under consideration) employing constant-returns-to-scale
1See Berk et al. (1999), Gomes et al. (2003), Carlson et al. (2004), Zhang (2005),
Cooper (2006), Gala (2010), and Gomes and Schmid (2010) among the others.
3production technologies and one storable industry, that is the pool or con-
sumption sector, which accumulates capital at a ￿xed rate of return and
￿nances consumption.
I assume that, once employed in the production process of the ￿rm, the
capital acquires some industry-speci￿c properties and becomes of a di⁄erent
variety. This feature does not render it immediately usable in the produc-
tion process of the other industry. On the contrary, the capital stored in the
pool is not marked by any technological peculiarity. Because of this friction,
￿rms can trade resources only with the pool industry but not directly among
themselves. As a result, the investment decisions of each representative ￿rm
consist only in choosing the amount of capital to be reinvested in its produc-
tion technology, that is the internal or within-industry investment, and the
amount to be exchanged with the storable industry, that is the external or
among-industries investment.
I show that the decision to transfer resources among industries takes place
only in correspondence of a high capital imbalance between the several indus-
tries. More precisely, when the capital accumulated in the ￿rm￿ s production
process is abundant relative to the capital stored in the pool sector, the ￿rm
￿nds optimal to reduce its capacity selling resources to the storable sector,
thus disinvesting. Conversely, when this productive capital is scarce com-
pared to the rest of the economy, the ￿rm ￿nds optimal to exercise external
growth options. As a result, it acquires resources from the pool and increases
its size.
In equilibrium the sequence of both types of investment decisions de-
termines the level of capital accumulated in the di⁄erent industries of the
economy, and in turn a⁄ects the market-to-book ratios of the ￿rms. A se-
quence of positive returns to the investment in the production process of the
￿rm increases the capital accumulated in that industry compared to the cap-
ital stored in the riskless technology. However, in this case the consumers￿
4marginal utility will be low because this higher amount of capital is not di-
rectly available for consumption (in fact to be consumed it requires to be
physically available in the storable sector), whereas the ￿rm, burdened with
more ￿own￿ capital, becomes a value ￿rm. On the contrary, a sequence
of negative returns to the within-industry investment of the ￿rm alters the
distribution of resources available in the economy decreasing that industry
capital compared to the one available for consumption. As a consequence,
the probability that the ￿rm undertakes an among-industries investment in-
creases, thus raising the value of its growth opportunities. In turn, the ￿rm￿ s
market-to-book ratio increases and the ￿rm migrates towards a growth ￿rm.
In my economy consumption plays a crucial role. It alters the relative
concentration of capital accumulated in the di⁄erent industries and a⁄ects
the valuation of ￿rm￿ s cash ￿ ows. More importantly, it acts as a natural
regulator of ￿rms￿market-to-book ratio pushing it away from extreme values,
thus generating an endogenous mean reversion in Tobin￿ s q: My paper shows
that the convergence of price-to-book ratios can be obtained as a result of
a pure discount e⁄ect and not necessarily as a cash ￿ ow e⁄ect. In fact, in
my model cash ￿ ows are generated by constant-returns-to-scale production
functions and do not follow any mean-reverting process. More interestingly,
when compared to the data, my model captures the empirical probabilities
of migration of three portfolios formed on price-to-book ratios.
In the paper I also investigate whether the implications of my model
for the ￿rst and the second moments of stock returns are consistent with
the empirical evidence. First, I generate a negative relationship between
market-to-book ratios and risk premia in line with the data. In other words,
the expected returns earned by the ￿rms in states of nature associated with
low Tobin￿ s q are higher than those earned in high q states. This result
directly stems from the mean-reverting property of the Tobin￿ s q. In fact,
stock returns mainly depend on two components: i) the return on capital
5which is constant over time and equal for all ￿rms and ii) the variation in
market-to-book ratio which is positive for value ￿rms and negative for growth
￿rms.
Second, my paper predicts a non-monotone relationship between Tobin￿ s
q and conditional volatility consistent with the ￿ndings of Kogan (2004). I
￿nd that value and growth ￿rms exhibit a higher conditional volatility than
neutral ￿rms. This is due to the fact that when ￿rms are about to invest
or to disinvest with the consumption sector, the Tobin￿ s q is less sensitive to
shocks, and thus stock returns volatility is mainly driven by the volatility ￿
of the technology process. On the contrary, when ￿rms are not exercising
the among-industries investment opportunity, q is more sensitive to shocks,
however, because the ￿rm￿ s capital cannot be consumed immediately, it has
a negative impact on the overall volatility of stock returns, thus lowering it.
My work is part of a new and growing line of research, pioneered by Berk
et al. (1999), which relates asset prices to ￿rm￿ s investment decisions. The
partial equilibrium model of Berk et al. (1999) features exogenous project-
level cash ￿ ows and systematic risk. In their model, multiple sources of risk
are used to explain the observed cross-sectional variation of returns. On
the contrary, Gomes et al. (2003) establish an explicit economic relation
between ￿rm-level characteristics and expected returns in a dynamic gen-
eral equilibrium model. My work di⁄ers from these papers along several
dimensions. First, my paper is a multiple-industries economy which features
investment heterogeneity to study the dynamics of Tobin￿ s q: Second, I model
￿rms whereas they model ￿projects￿ . In their economy, all ￿projects￿have
ex-ante identical productivity and, once adopted, variation in the project-
speci￿c productivity only a⁄ects that project capital. In contrast, in my
model, variation in the pro￿tability of the assets in place a⁄ects the ￿rm
investment decisions and its entire stock of capital, as in the standard Q -
theory of investment.
6Kogan (2004) develops a two-goods general equilibrium model with in-
vestment constraints: real investment is irreversible, as assumed by a strand
of the investment literature (e.g. Dixit and Pindyck, 1994), and the invest-
ment rate is bounded from above, representing a special case of the standard
convex adjustment costs speci￿cation. He shows that investment frictions
entail time variation in stock returns and generate high nonlinear patterns
between the market-to-book ratio and the conditional volatility of stock re-
turns. In contrast to Kogan (2004), I focus on the ￿rm migration phenomenon
across value and assume that across-industries investment is reversible at a
cost.
Zhang (2005) also links expected returns to size and book-to-market in
a dynamic-equilibrium model with convex adjustment costs and costly re-
versibility of capital, using the neoclassical q-theory approach and an exoge-
nous countercyclical market price of risk. He solves the industry equilibrium
by applying the ￿approximate-aggregation￿idea of Krusell and Smith (1998).
Moreover, Carlson et al. (2004) analyze the e⁄ect of operating leverage on ex-
pected returns, whereas Cooper (2006) studies the asset pricing implications
of non-convex adjustment costs. All these models use a partial-equilibrium
framework to explain the asset pricing anomalies, while in my work I endo-
genize the role of consumption, and thus, the pricing kernel.
Gomes and Schmid (2010) investigate the theoretical relationship between
￿nancial leverage and stock returns in a dynamic world where both the cor-
porate investment and the ￿nancing decisions are endogenous. They ￿nd
that in the presence of market imperfections leverage and investment are
generally correlated so that highly levered ￿rms are also mature ￿rms with
relatively more (safe) book assets and fewer (risky) growth opportunities.
Papanikolaou (2011) proposes a two-sector equilibrium model with het-
erogeneity in the type of ￿rm output and provides evidence that investment-
speci￿c technological change is a source of systematic risk that is responsible
7for some of the cross-sectional variation in risk premia between value and
growth ￿rms. In contrast to Papanikolaou (2011) who concentrates on ￿rm
heterogeneity, that is heterogeneity arising because of di⁄erences between
capital good and ￿nal good producers, my model focuses on investment het-
erogeneity. In addition, in my economy capital is reversible among sectors,
whereas he assumes a ￿xed level of capital in the investment-good sector.
The literature on investment in general equilibrium using a real-option
approach includes Kogan (2001) and Hugonnier et al. (2005). These papers
mainly examine the impact of irreversibility on the investment behavior and
do not attempt to investigate neither the convergence of price-to-book ratios
nor the cross-section of stock returns.
Additional contributions include the works of Gomes et al. (2002) and
Gala (2010).
Much of the methodology of the present article is borrowed from the lit-
erature dealing with portfolio choice under transaction costs. Grossman and
Laroque (1990) consider ￿xed transaction costs, while Dumas and Luciano
(1991) consider proportional costs, but allowing for terminal consumption
only. Liu (2004) proposes a model of optimal consumption and investment
with transactions costs and multiple risky assets. Finally, Dumas (1992)
constructs a general-equilibrium model with proportional costs in segmented
commodity markets.2
The rest of the paper is organized as follows. Section 2 presents the
general-equilibrium model. The main ￿ndings related to ￿rm migration and
stock returns are discussed in sections 3-6. Section 7 investigates the im-
pact of alternative investment costs speci￿cations, whereas the choice of the
parameters is outlined in Section 8. Finally, Section 9 concludes.
2The deterministic model of Black (1973) is a forerunner of this approach.
82 The Model
I consider an economy populated by a continuum of homogeneous risk-averse
agents. The production side of the economy consists of two industries, each
grouping a large number of competitive, all equity-￿nanced, ￿rms. All ￿rms
employ identical constant-returns-to scale production technologies with ex-
pected rate of return ￿ and standard deviation ￿ of rate of return, but are
subject to industry-speci￿c productivity shocks.3 Given this assumption, in
the rest of the paper I will simply refer to the representative ￿rm of each in-
dustry. Each time the ￿rm decides to invest its capital in its own production
process gives rise to an internal or within-industry investment decision. This










t, i = 1;2;
where Ki
t is the amount of capital accumulated in the industry i and dBi
t is
a standard Brownian motion.4
The rest of the economy, that is the consumption side, is characterized
by a riskless technology which accumulates capital at the rate r and ￿nances
consumption. I call this sector the pool sector. There exists a single good
which can be consumed, accumulated in the consumption sector, or invested
in the production processes. I assume that the investment in the produc-
tion technology of an industry bestows on the good some industry-speci￿c
3The assumption of symmetry on the one hand prevents an industry to systematically
dominate the other and, which is the same, guarantees that no ￿rm can sustain inde￿nitely
a higher productivity, while on the other, it also simpli￿es enormously the computation
of the optimal consumption and investment policies, without being crucial in driving the
results.
4The expected rate of return ￿ can be interpreted net of all costs, including for example
the costs of investing in its own production technology and capital depreciation.
9peculiarities which do not render it suitable for immediate use in the other
industry. On the contrary, the capital stored in the pool is not marked by
any technological peculiarity. Thus, to be stored in the pool, the capital
installed in the production process of a ￿rm has ￿rst to lose its technological
characteristics (at a cost), and only then it can be invested in the other ￿rm,
thus acquiring the other industry￿ s characteristics. That implies that the
￿rm can only acquire (or sell) capital from the consumption sector but not
directly from the other ￿rm-industry and that investors can consume only
the physical good available in the pool.
When the ￿rm purchases or sells resources from the pool gives rise to
an external or among-industries investment decision and incurs investment
costs which are proportional to the amount exchanged. I model these costs
to be asymmetric also, that is, the ￿rm pays 1￿s per unit of capital installed
and 1 ￿ sd per unit of capital disinvested to the pool, with 0 < sd < s < 1;
to capture the intuition of costly reversibility of capital. Thus, ￿rms face
higher costs in contracting than in expanding their capacity. Equivalently,
1=s can be interpreted as the price (in units of capital) at which the ￿rm can
purchase one unit of capital, and sd as the price at which it can sell one unit
of capital.
While consumption and the internal investment policies are continuous,
the among-industries investments are signi￿cantly lumpy. In fact, given the
nature of the costs considered in the model, there will exist a region ￿ of the
state space in which the industries do not trade capital.5 Because of the lin-
ear nature of the constraints and the homogeneity of the utility function, the
variables log(K1=K0) and log(K2=K0), where K0 denotes the capital accu-
mulated in the pool sector, are su¢ cient state variables to fully characterize
the region ￿. The boundary of ￿ should be viewed as a barrier or a trigger
5See Dumas (1992) for a detailed explanation of the existence and the properties of the
no-transfer region.
10point for the among-industries investment decision. In the paper, I look for
the optimal positioning of the barrier.
Whenever log(Ki=K0) hits the barrier !i from the inside of ￿; for i = 1;2,
a lower edge of the region is reached. Then, the capital stored in the con-
sumption sector is abundant relative to that used in i-th production process,
and ￿rm i ￿nds optimal to increase its capital size by purchasing resources
from the pool. Therefore, an external investment takes place. On the con-
trary, when log(Ki=K0) hits !i (again from the inside), the upper boundary
of the region is reached. Then, ￿rm i contracts its capital capacity by selling
resources to the pool. In general, the barriers !i and !i are not constant but
functions of the other state variable of the economy.6
I assume that ￿nancial markets are complete and that there are no costs
or frictions to trade ￿nancial claims on the physical assets. This assump-
tion guarantees that consumers-investors can achieve a Pareto-optimal allo-
cation of consumption, or equivalently that the capital-market and the goods-
market equilibrium can be replicated by an appropriate central-planning
problem. In the paper I focus on the central-planner problem rather than
solving the decentralized version of the present economy for tractability rea-
sons. Implicit prices, which would prevail explicitly in decentralized markets,
can be obtained from the derivatives of the appropriate indirect utility func-
tion.




















6In his model of optimal consumption and investment with transaction costs, Liu (2004)
shows that the no-transaction region is not an ellipse as was suspected before, but rather








































ct ￿ 0; dI
01
t ￿ 0; dI
02
t ￿ 0; dI
1
t ￿ 0; dI
2
t ￿ 0; K
0
t ￿ 0; K
1




where ￿ is the degree of risk aversion, ￿ the rate of impatience and dB1
t
and dB2
t are two standard independent Brownian motions. The among-
industries investment decisions are captured by the terms Ii
t and I0i
t which
are non-decreasing processes increasing only when, respectively, ￿rm i sells
or purchases capital from the pool sector.
Since the within-industry investment decision does not consume resources,
￿rms keep re-investing internally all the output generated by their produc-
tion technologies, whereas, because of the external investment costs, they
decide to exchange capital with the pool only when their size is either too
large or too small with respect to the size of the pool sector.
When no external investment/disinvestment takes place, using the mar-
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When the ￿rm trades with the pool, the movement to the target posi-
tion is instantaneous. Hence, the values of the discounted utility before and
after the purchase of productive capital must be the same, that is, when















) VK0 = sVKi. (9)
















) sdVK0 = VKi; (10)
for i = 1;2:
The partial di⁄erential equation and the value-matching conditions hold
for any arbitrary choice of the investment/disinvestment trigger points (!i;!i).
Smooth-pasting conditions have to be satis￿ed in order for the barriers to be
optimal.7
This requires that, in case of external investment,































) VKiK0 = sVKiKi,
(11)






























) sdVKiK0 = VKiKi,
(12)
for i = 1;2:
The optimal solution to the central planner problem is obtained by solving
the di⁄erential equation (8) subject to the boundaries conditions (9-12). As
far as I know there exists no closed-form solution to the value function V , thus
I ￿rst reduce the dimensionality of the problem and then apply a numerical
technique based on the ￿nite-di⁄erence method. The methodology employed
is detailed in the appendix.
Considering the linear nature of the constraints and the isoelastic property
of the utility function, the value function V (K0;K1;K2) is homogeneous of
degree ￿. Therefore, the two variables
!1 ￿ log
K1
K0 and !2 ￿ log
K2
K0;
su¢ ce to fully characterize the state of the economy.
Exploiting this homogeneity property and using the new state variables,
I introduce the following (transformed) value function I;
(1 ￿ ￿)log(K




which will be useful to compute the price-to-book ratios and stock returns.
143 Optimal Investment
In this section I compute the optimal investment decisions and discuss the
key role played by consumption.8
Following the change of variables described in the previous section, the
no-trade region can be written as ￿(!1;!2) and is delimitated by the bor-
ders !1(!2); !2(!1), !1(!2) and !2(!1). Obviously, that does not mean that
strictly inside ￿(!1;!2) there is no investment or disinvestment activity.
On the contrary, ￿rms keep re-investing the output in their own production
processes because the within-industry investment is costless, whereas they
do not ￿nd convenient to buy or sell capital from the pool because the in-
vestment/disinvestment costs are larger than the expected future bene￿ts
deriving from such decisions. In other words, strictly inside ￿(!1;!2) only
one type of investment takes place, that is the within-industry investment.
Only when the ratio !i reaches the lower barrier !i(!j), ￿rm i ￿nds
optimal to purchase new capital from the pool. Thus, an among-industries
investment takes place instantaneously, bringing !i back inside ￿, that is
between !i(!j) and !i(!j). Similarly, when !i hits the upper trigger point
!i(!j); that is when the productive capital Ki is abundant relative to the
capital pooled K0, ￿rm i sells some of its capital to the consumption sector.
In this case, an among-industries disinvestment occurs, bringing !i again
between !i(!j) and !i(!j).9
I computed the optimal positioning of the boundaries and show the results
in Figure 1.
FIGURE 1 GOES HERE
8I discuss the choice of parameter values at the end of Section 9.
9In the appendix I address the issue of the optimality of this investment/disinvestment
policy.
15The shape of the region con￿rms the results obtained by Liu (2004) in a
portfolio-choice problem with transaction costs: it is not an ellipse as it was
suspected by the previous literature,10 rather it does have ￿corners￿ . This is
equivalent to saying that the functions !i(!j) and !i(!j) are straight lines.
The interior of ￿ABCD￿represents the no trade region. Firms in industry
1 (respectively 2) ￿nd optimal to purchase capital in correspondence of the
line AC (AB), while disinvestment takes place on the segment BD (CD).
The assumption of identical production technologies for the two industries
implies the symmetry around the 45￿ degree line (that is the Merton line).
Any deviations from this line are based on a diversi￿cation argument11 and
are driven by the existence of proportional investment/disinvestment costs.
In standard models of investment decisions under uncertainty, the in-
vestor has no choice over the consumption stream. On the contrary, in my
general-equilibrium model, agents are risk averse and choose their consump-
tion sequence. In turn, this a⁄ects the price of ￿nancial securities through
the endogenous stochastic discount factor which is de￿ned, consistent with







The proper modeling of the intertemporal risk premium is the reason
to use a general-equilibrium model, in contrast to the arbitrary pricing ker-
nel postulated by the partial-equilibrium literature. Recently, the literature
modeling the investment opportunities as options written on real assets has
investigated the asset pricing implications of investment decisions, focusing
in particular on the cross-sectional variation of expected returns. However,
not all papers examine the interaction between optimal consumption and
10See Morton and Pliska (1995).
11I thank George Constantinides for suggesting this line of interpretation.
12See Kogan (2001).
16investment policies because they are set in a partial equilibrium.13 There-
fore, all the deviations from the classic CAPM documented by this literature
(namely the size anomaly and the value premium) depend on the assumption
of an exogenous pricing kernel and not on the intertemporal behavior of risk
averse agents who maximize their lifetime expected utility from consumption.
4 Tobin q and Firm Migration
Even though I have focused so far on the central-planner problem, one can
infer the prices that would prevail in decentralized markets by examining the
￿rst derivatives of the value function V (K0;K1;K2). I start by specifying the
numeraire I use to price all ￿nancial assets. I choose K0; that is the capital
stored in the pool, to be the numeraire because investors are constrained to
consume only the good physically available in their sector.
Let qi denote the (shadow) price of the capital employed in the i-th pro-
duction process in terms of the capital pooled (the price of a unit of Ki in











Then, the value of ￿rm i is given by the product of the relative price qi
and its stock of productive capital, that is Si = qiKi: Therefore, the relative
price qi coincides with the Tobin￿ s average qi of the ￿rm, being the ratio of
its market value to the replacement cost of its capital.
The value-matching conditions imply that the ￿rm acquires new capital
from the pool to prevent its Tobin￿ s q from rising above the value 1=s; whereas
it reduces its capital (selling it to the pool) to prevent the q from falling below
13See among the others Berk et al. (1999), Carlson et al. (2004), Cooper (2006), Zhang
(2006), and Gomes and Schmid (2010).
17sd. In other words, in correspondence of !i and !i; the following equalities
hold
q
i(!i(!j)) = 1=s and q
i(!i(!j)) = sd: (14)
On the contrary, when the ￿rm￿ s market-to-book ratio is in the interior of
the interval [sd;1=s]; ￿rms reinvest only in their own production processes.
The smooth-pasting conditions guarantee the optimality of the boundary








dK0 = 0: (15)
These optimality conditions ensure that the partial derivatives of the
￿rm￿ s qi with respect to the own capital and the capital stored in the pool
are zero at the boundaries.
Figure 2 displays the typical behavior of the market-to-book ratio within
the no-trade region.
FIGURE 2 GOES HERE
In my model ￿rms with low market-to-book ratios (low qi) are endoge-
nously selected as the ones with high relative capital concentration Ki=K0.
On the contrary, growth ￿rms (high qi) are associated with lower levels of
own capital ratio Ki=K0. Recalling the shape of the no-trade region shown
in Figure 1, it is easy to locate value and growth ￿rms on the graph: when
the state variables are close to the line AB (respectively AC), ￿rms in indus-
try two (one) are growth, whereas in correspondence of BD (CD), ￿rms in
industry one (two) are value. This means that the distribution of existing
resources in the economy identi￿es automatically the position of the ￿rms
within the distribution of the market-to-book ratio.
The optimal consumption policy plays a crucial role in the paper: it alters
the distribution of capital employed in the di⁄erent industries and a⁄ects its
18relative price, generating an endogenous mean-reverting dynamics for the
Tobin￿ s q. Speci￿cally, I ￿nd that the expected rate of variation of ￿rm￿ s q
changes sign according to the position of the state variables, in a way which is
consistent with the evidence that ￿rms tend naturally to migrate from value
to growth and vice-versa.
I propose a simple story to explain this behavior. A sequence of positive
returns to the investment in the production process of the ￿rm, for example
due to positive shocks, generates an excess supply of own capital with respect
to the capital stored in the pool, which translates into a higher probability
that the ￿rm sells some of its resources to the consumption sector. In turn,
this reduces the value of external growth options available to the ￿rm and
the (shadow) price of its productive capital. As a result, the ￿rm￿ s market-
to-book ratio decreases and the ￿rm becomes a value ￿rm. The interesting
feature is what happens afterwards, in particular in absence of further shocks
to the production. In fact, the feedback e⁄ect on the optimal consumption
policy impacts the ￿rm￿ s market-to-book ratio and slowly pushes back its q
towards the neutral position, thus mitigating the e⁄ects of these shocks.
On the contrary, negative returns to the production process of the ￿rm
reduce its accumulated capital and increase not only the value of the assets
in the place but also its growth options because the ￿rm capital is more
scarce now. As a result, the probability that the ￿rm acquires capital from
the pool increases and the ￿rm becomes a growth ￿rm. Again, the optimal
consumption reduces the e⁄ects of these negative shocks over time, pushing
back the Tobin￿ s q towards the neutral position. In other words, in my model
consumption acts as a natural regulator of Tobin￿ s q, pushing it away from its
extreme values, consistently with the evidence that ￿rms with high market-
to-book ratios tend to lose their growth opportunities, migrating from growth
to value, whereas the reverse happens to value ￿rms.
My paper suggests that it is possible to generate an endogenous mean-
19reverting dynamics of Tobin￿ s q as a result of a pure discount e⁄ect and not
necessarily as a cash ￿ ow e⁄ect. In fact, since ￿rm￿ s price (and thus M/B
ratio) is the product of cash ￿ ows times the discount factor, the convergence
of market-to-book ratios must ensue from either the convergence of the cash
￿ ow term or the one of the discount term. However, my economy assumes
that the ￿rm￿ s pro￿tability is characterized by constant returns to scale.
Therefore, consumption becomes the main determinant of ￿rm migration.
I also investigate the implications of my model on the speed of convergence
of market-to-book ratios. Recently, Fama and French (2007a) provided a
better understanding of the ￿rm migration phenomenon by quantifying the
empirical transition probabilities of migration. Using their methodology, I
construct the average transition frequencies given by the data (Table 1) and
generated by my model (Table 2) of three portfolios formed on price-to-book
ratios.
INSERT TABLE 1 HERE
INSERT TABLE 2 HERE
The migration probabilities shown in table 2, obtained using 200 arti￿-
cial panels each with 3000 ￿rms, capture quite well the average transition
densities found in the data. This fundamental result of convergence of M/B
ratios distinguishes my article from most of the existing literature. In fact,
in my model the pricing kernel is completely endogenous and the mean-
reverting dynamics for the market-to-book ratio is the result of a general-
equilibrium framework in which production processes are characterized by
constant-returns-to-scale technologies. On the contrary, other papers are
set in partial equilibrium (exogenous consumption) and impose some mean-
reverting properties for aggregate and idiosyncratic state variables, thus forc-
ing the cross-sectional distribution of ￿rms.
20Finally, it is worthwhile to remind that the supply side of my economy
consists of two industries each characterized by a large number of identical
￿rms. Therefore, Table 2 describes the migration of just two representative
￿rms. However, since the distribution of ￿rms in the real world is stationary,
it is possible to assimilate the transition densities that have been observed
in the data, and shown in Table 1 above, with the probability of migration
of these two ￿rms.
5 The cross section of stock returns
In this section I study the implications of investment heterogeneity on ex-
pected stock returns.
As shown in the previous section, the market value of ￿rm i; Si
t, is equal








When only within-industry investments take place, the dynamics of the
cumulative return to the ￿rm￿ s owners over an in￿nitesimal time interval dt























t denotes the dividend paid by ￿rm i.
It is convenient to rewrite the previous dynamics as
dR
i









to show the dependence of the expected rate of return ￿Ri and the instanta-
neous volatilities ￿1
Ri and ￿2
Ri on the state variables !1 and !2:
21I start by comparing the unconditional moments of equity returns implied
by my paper with the corresponding empirical estimates.
INSERT TABLE 3 HERE
Table 3 highlights the model￿ s ability to reproduce key features of aggre-
gate data. In fact, it seems appropriate to capture the historical levels of the
equity premium and consumption growth. The risk free rate generated by
the model is constant and equal to r:14 This is not a surprise since the pool
sector has the characteristics of a riskless technology with rate of return r.
Before showing the cross-section of stock returns, it is worthwhile to re-
member that at each point in time there exist only two representative ￿rms,
each with its own market-to-book ratio depending on the distribution of cap-
ital in the economy (they could be for example both value, or one value and
one growth, and so on). This means that the relationship between market-to-
book ratios and risk premia is not a real cross-section of stock returns, rather
it is the evidence of the expected returns earned by portfolios formed with the
two industries at ten di⁄erent states of nature de￿ned by the market-to-book
ratio.
Table 4 summarizes this pseudo cross-section of expected returns.
INSERT TABLE 4 HERE
My model generates a negative relationship between market-to-book ra-
tios and risk premia. More precisely, the expected returns earned by ￿rms
when they are value are higher than those earned when they are growth. A
sequence of positive returns to the capital invested in the production tech-
nology of the ￿rm increases its supply of capital, thus decreasing its Tobin￿ s
q. As a result, the ￿rm migrates towards value and, as shown in Table 4,
14See the appendix.
22earns on average higher expected returns. On the contrary, value ￿rms hit by
negative internal investments returns increase the external growth opportu-
nities because their capital is more scarce and migrate towards growth ￿rms,
earning on average lower expected returns.
The economic mechanism behind this result is pretty intuitive. Risk pre-
mia largely depend on two terms: the expected return on the capital invested
and the expected changes in the Tobin￿ s q (plus their quadratic covariation).
Given the assumption of constant-return-to-scale production function, the
￿rst term is independent on the ￿rm market-to-book ratio. Therefore, the
cross-section of stock returns is mainly driven by the (expected) variation of
Tobin￿ s q which, as underlined in the previous section, is positive for value
￿rms and negative for growth ￿rms.
6 Tobin￿ s q and Conditional Volatility
Firms￿market-to-book ratios are function of the state of the economy and
therefore contain information about the behavior of stock returns, in par-
ticular the conditional volatility. These implications are the main object of
investigation in this section.
My model generates a non-monotone relationship between Tobin￿ s q and
conditional volatility consistent with the ￿nding of Kogan (2004). Speci￿-
cally, value and growth ￿rms exhibit a higher volatility than neutral ￿rms,
or equivalently, when ￿rms are close to exercise the among-industries invest-
ment decision highlight a higher sensitivity to economic shocks than ￿rms
which are far from trading capital with the pool. To illustrate this result,
I plot the conditional volatility of equity returns as a function of q using a
panel of 40000 simulated ￿rms.
INSERT FIGURE 3 HERE
23The explanation underlying this result is pretty intuitive. Stock volatility
is the result of two components, namely the volatility of the capital invested
in the constant-return-to-scale production functions and the Tobin￿ s q volatil-
ity. As I showed in previous sections, the market-to-book ratio is a decreasing
function of own capital concentration (its partial derivative is negative) and
exhibits very little sensitivity to shock in correspondence of the boundaries
sd and 1=s.15 As a consequence, close to the boundaries, stock returns be-
come more volatile because they mainly depend on the volatility ￿ of the
technology process whereas the contribution of the Tobin￿ s q is marginal.
On the contrary, the Tobin￿ s q of neutral ￿rms is very sensitive to shocks,
but because of its partial derivative, it has a negative impact on the overall
volatility of stock returns, thus lowering it.
In light of this non-monotone relationship, I follow Kogan (2004) and
estimate the following time-series models using a panel of 6000 simulations
over 50 years:
￿ ￿Rt ￿ R
￿ ￿ = a0 + a1(M=B)t￿1 + a2(M=B)
2
t￿1 + "t; (19)
￿ ￿Rt ￿ R




t￿1 + "t; (20)
where Rt denotes the excess monthly return obtained by subtracting the risk-
free rate from the ￿rm return, R denotes the sample mean, and M=B is the
natural logarithm of the the market-to-book ratio measured as a deviation
from its mean. In Equations (19) and (20), I study the dependence between
the conditional volatility, captured by the conditional expectation of the
absolute value of return, and Tobin￿ s q: Speci￿cally, in Equation (19) I allow
for a second-order term in the dependence on M=B; whereas in Equation (20)
I consider a piece-wise linear speci￿cation of conditional volatility, where the
terms (M=B)￿ and (M=B)+ denote the negative and positive parts of M=B;
15In fact, the smooth-pasting conditions ensure that the partial derivatives are equal to
zero at the boundaries.
24respectively. Consistent with Figure 3 and the ￿nding of Kogan (2004), the
coe¢ cient a2 should be positive in both equations.
INSERT TABLE 5 HERE
Table 5 reports the estimates of the coe¢ cients of the time-series models
(19) and (20). The estimates of the coe¢ cients a2 are positive in both cases.
Thus, the relation between the conditional volatility and the M=B ratio
indeed appears to be nonlinear in the way suggested by Figure 3.
7 Quasi-Fixed Investment Costs
Proportional investment and disinvestment costs are not the sole type of
costs studied by the investment-based asset pricing literature. In fact, the
literature considers three main categories of investment costs: i) proportional,
ii) quadratic, and iii) ￿xed (and quasi-￿xed). In this section, I discuss the
main drawbacks and limitations associated with the other speci￿cations of
costs when embedded in my model.
One of the main advantages of purely proportional investment/disinvestment
costs in my framework is the resulting homogeneity property of the value
function, which allows me to reduce the number of state variables. On the
contrary, solving the same problem of Section 2 under the assumption of
either quadratic or ￿xed costs would be a much harder task because the ho-
mogeneity property does not apply and I would not be able to reduce the
dimensionality of the problem. On the contrary, the assumption of quasi-
￿xed costs preserves the homogeneity advantage but generates asset pricing
implications not always in line with the empirical evidence.
In fact, as shown by Goswami et al. (2001) and Casassus et al. (2005),
adding a quasi-￿xed component16 to the investment/disinvestment cost struc-
16Whenever the ￿rm decides to invest (respectively to disinvest) externally, the cost
25ture shown in equations (2-4) entails that: 1) both returns and consumption
(more precisely the rate of consumption per unit of time) would be charac-
terized by jumps 2) the Tobin￿ s qi would no longer be a monotone function
of the ratio !i; implying a cross-sectional variation of expected returns not
consistent with the evidence 3) the model would not generate the conver-
gence of price-to-book ratios, implying transition probabilities of migration
not in line with the data.
8 Calibration
Parameter values are obtained from the investment-based asset pricing liter-
ature. Two groups of parameters must be chosen. The ￿rst group includes
parameters belonging to the investor￿ s preferences: the rate of impatience,
￿, and the degree of relative risk aversion (RRA) ￿. The second set of val-
ues refers to ￿rms￿technologies: the risk-free rate r, the expected rate of
return on capital ￿; the standard deviation ￿ of the production process, and
the investment costs, s and sd: The discount rate ￿ is set to 0.02 as is typ-
ically done in macroeconomic studies, while the risk aversion coe¢ cient is
15. The investment-cost parameter s is 0:9 (which implies a purchase price
of about 1.1),17 while the disinvestment sd is 0.75 (in line with the value
reported by Novy-Marx, 2007). Finally, for the technological parameters I
have chosen r = 0:01; ￿ = 0:08; and ￿ = 0:14, which are close to the values
used by Kogan (2001) since the two production technologies modeled in my
general-equilibrium model share more the characteristics of productive sec-
incurred is not just the one proportional to the amount bought (sold); there is an extra
component which is for example proportional to the capital available in that sector, captur-
ing the idea of foregone output due to the investment/disinvestment decision (quasi-￿xed
component).
17Whited (1992) documents that adjustment costs are about 10% of investment expen-
ditures.
26tors rather than the features of individual ￿rms. All returns are expressed
as yearly returns.
9 Conclusion
I propose a simple general-equilibrium model of real options to study the
migration of ￿rms across their book-to-market ratios and the cross-sectional
distribution of stock returns. The production side of my economy consists
of two industries, each grouping a large number of competitive ￿rms using
identical production technologies with constant-returns-to-scale and facing
higher costs in selling rather than acquiring capital from the pool sector.
The latter is constituted by a riskless technology which stores capital and
￿nances consumption.
I show how ￿rms with low M/B ratios are endogenously selected as the
ones with high relative capital concentration !, while growth ￿rms (high M/B
ratios) are instead associated with lower levels of productive capital relative
to the storage capital. The optimal consumption policy plays a crucial role
in the model: it alters the distribution of resources available in the economy,
a⁄ects the price of the ￿rms, and mitigates the e⁄ects of positive (negative)
capital shock for value (growth) ￿rms, thus generating convergence of price-
to-book ratios.
The asset pricing implications of my economy are in line with the empir-
ical evidence. The ￿rst moments of stock returns are negatively correlated
with the market-to-book ratios, that is the expected returns earned by the
￿rms in states of nature associated with low q are higher than those earned
by the ￿rms in high q states. Moreover, the model suggests a non-monotone
relationship between Tobin￿ s q and conditional volatility consistent with the
￿ndings of Kogan (2004). Firms￿conditional volatility is higher for value and
growth ￿rms and lower for neutral ￿rms.
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3011 Appendix
11.1 The homogeneity property
In this appendix I show how to reduce the dimensionality of the problem
from three to two state variables.
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Considering the linear nature of the constraints and the isoelasticity of
the period utility function, the value function V (K0;K1;K2) is homogeneous













Taking the log, I get
(1 ￿ ￿)log(K




























Recalling the previous sections, an investment among industries takes
place when there is an abundance of K0 with respect to Ki; that is when
log(Ki=K0) = !i: On the contrary, when !i reaches the upper bound !i; an
external disinvestment takes place.
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3311.2 The Risk-free rate
Here I show that the instantaneous riskfree rate is constant and equal to r.
This is not a surprise since the pool sector has the characteristics of a riskless
technology.
Applying Ito￿ s lemma to VK0(K0;K1;K2) gives, in the no-trade region,
dVK0 =
"
VK0K0(rK0 ￿ c) + ￿K1VK0K1 + ￿K2VK0K2
+0:5(￿K1)















VK0(rK0 ￿ c) + ￿K1VK1 + ￿K2VK2
+0:5
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VK0K0(rK0 ￿ c) + rVK0 + ￿K1VK0K1 + ￿K2VK0K2
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Since K0 is used as a numeraire, the price P￿(t) of an asset with stochastic








Applying this to price an instantaneously riskless bond yields, as in Cox, In-
gersoll, and Ross (1985),
Et [dVK0]
VK0
= [￿ ￿ r(t)]dt:
Using the previous result, I get that r(t) = r:
3411.3 Optimality of the investment policy
Since the problem studied in Section 2 involves continuous consumption and
discrete external investment at stopping times, this optimal control problem
belongs to the class of combined stochastic control as studied by Brekke and
￿ksendal (1998). In this appendix I do not provide a formal proof of the
existence of the value function V (K0;K1;K2) satisfying the partial di⁄er-
ential equation (8), and of the optimality of the investment/disinvestment
policy described in Section 2 and 3, because the veri￿cation theorem pro-
vided by Liu (2004)18 encompasses the model outlined in my paper. In fact,
his Lemma 1 applies to any well-behaved utility function U(c); including the
power utility function considered in my framework, and to the dynamics of
capital shown in Equations 2-4.
Here, I simply verify that the combined stochastic control implied by the
optimal consumption policy and the among-industries investment/disinvestment
strategy satis￿es the conditions of his veri￿cation theorem.
Let ￿j;j 2 N denote the time when the ￿rms invest/disinvest according
to the policy speci￿ed in Section 3. Since this strategy consists of buying
and selling the minimal amount of capital necessary to maintain !￿
it between
!i(!j) and !i(!j); where !￿
it is the relative capital process derived from
following the above policy, the investment time is clearly a stopping time,
with 0 ￿ ￿j ￿ ￿j+1 a.s., 8 j 2 N:
For all j 2 N; de￿ne ￿
j
i the amount invested or disinvested externally at








i ￿ !i￿j if !i￿j ￿ !i(!j)
!￿
i ￿ !i￿j if !i￿j ￿ !i(!j)
0 otherwise.
18Liu (2004) provides a modi￿ed version of the veri￿cation theorems of Brekke and
￿ksendal (1998) and Korn (1998).
35Obviously, ￿
j
i is F￿j￿measurable. Finally, since 8t 2 (0;1); P f!it 2 [!i(!j);!i(!j)]g =
1; it follows that P (limm!1 ￿m ￿ K) = 0;8K ￿ 0; thus satisfying the con-
ditions stated in De￿nition 1 of Liu (2004).
36Table 1: Empirical transition probabilities of migration
Average transition vectors for stocks that migrate within or exit the group
of three B/P portfolios, as a percent of ￿rms in a portfolio, sorted by industry.
Average Transition Vectors within the Group of Three B/M Portfolios - years 1963-2007
Durables Healthcare
G(t) N(t) V(t) G(t) N(t) V(t)
G(t-1) 72:6 24:7 2:8 G(t-1) 83:9 13:8 2:3
N(t-1) 15:0 66:6 18:4 N(t-1) 31:6 50:0 18:4
V(t-1) 2:4 24:7 72:9 V(t-1) 13:7 28:1 58:2
Manufacturing High Technology
G(t) N(t) V(t) G(t) N(t) V(t)
G(t-1) 75:5 22:6 1:9 G(t-1) 75:2 20:7 4:1
N(t-1) 14:1 67:5 18:4 N(t-1) 25:8 52:3 21:8
V(t-1) 2:5 21:5 76:0 V(t-1) 9:5 30:3 60:2
I form three value weight portfolios, G, N, V, at the end of each June from 1963
to 2007 based growth (G, ￿rms in the top 30% of NYSE P/B), neutral (N, middle
40%), and value (V, bottom 30%). Industry sort based on Compustat/CRSP SIC
codes. In the P/B sorts for portfolios formed in June of year t, book equity is for
the ￿scal year ending in calendar year t ￿ 1 and market equity is for the end of
December of t ￿ 1. The portfolios for year t include NYSE, Amex (after 1963),
and Nasdaq (after 1972) stocks with positive book equity in t ￿ 1. The transition
vectors are for the ￿rms assigned to a portfolio in June of year t that are also in
one of the three portfolios in t + 1. I decided to exclude four categories of ￿rms
because my model does not generate those: (i) Good Delists, which stop trading
between June of t and June of t + 1 because they are acquired by another ￿rm
37(CRSP delist codes 200 to 399); (ii) Bad Delists, which stop trading because they
no longer meet listing requirements (CRSP delist codes below 200 and above 399),
(iii) ￿rms with negative book equity for the ￿scal year ending in calendar year t
(Neg); and (iv) ￿rms missing book equity for year t or market equity for December
of t or June of t + 1 (NA). The year t transition vector for a portfolio is the fraction
of ￿rms in the portfolio that falls into each of the groups at the end of June of
t + 1. The table reports averages of the annual transition vectors. Each row shows
the average transition vector for a particular portfolio. Up to rounding error, the
overall sum of the transition percents for a portfolio is 100, both for percents of
portfolio stocks and for percents of portfolio market cap.
38Table 2: Theoretical transition probabilities of migration
Transition probabilities generated by the model for stocks that migrate




Growth 75.21 24.72 0.6
Neutral 8.71 66.88 24.41
Value 0.4 5.78 94.2
The migration densities shown in Table 2 above are obtained using 200
arti￿cial panels each with 3000 ￿rms. I followed the same procedure described
by Fama and French (2007a) in order to construct the three portfolios based
on price-to-book ratio. The riskfree rate is constant and equal to r =0.01: The
discount rate ￿ is set to 0.02, while the risk aversion ￿ is 15. The investment
cost parameter s is 0:9; while the disinvestment sd is 0.75. Finally, the
expected rate of return ￿ and the standard deviation ￿ of the productivity
process are given by ￿ = 0:08 and ￿ = 0:14.
39Table 3: Unconditional moments of the equity premium
Data Model
Mean Std. Mean Std.
Equity Premium 7.71 16.25 10.55 11.63
Consumption Growth 1.72 3.28 3.08 4.87
Table 3 shows the unconditional moments of aggregate returns and con-
sumption growth. The riskfree rate is constant and equal to r =0.01: The
discount rate ￿ is set to 0.02, while the risk aversion ￿ is 15. The invest-
ment cost parameter s is 0:9; while the disinvestment sd is 0.75. Finally, the
expected rate of return ￿ and the standard deviation ￿ of the productivity
process are given by ￿ = 0:08 and ￿ = 0:14.
40Table 4: The cross-section of expected returns
Growth to Value
Growth Value
1 2 3 4 5 6 7 8 9 10
Mean Excess Return (% per year): Empirical Data
6.86 7.77 7.67 7.63 8.53 9.96 8.39 11.00 11.39 12.36
Mean Excess Return (% per year): Implied Returns
6.95 7.90 8.91 9.80 10.90 11.56 12.42 14.00 15.08 16.16
Table 4 shows the cross sectional variation of expected returns. The
riskfree rate is constant and equal to r =0.01: The discount rate ￿ is set to
0.02, while the risk aversion ￿ is 15. The investment cost parameter s is 0:9;
while the disinvestment sd is 0.75. Finally, the expected rate of return ￿ and
the standard deviation ￿ of the productivity process are given by ￿ = 0:08
and ￿ = 0:14.
41Table 5: Conditional volatility and tobin￿ s q
a1 p ￿ value a2 p ￿ value
QUADRATIC SPECIFICATION -0.066 0.000 0.506 0.000
PIECE-WISE LINEAR SPECIFICATION -0.161 0.000 0.034 0.010
Table 5 shows the results of regressions (19) and (20) using a panel of
6000 simulations over 50 years.
Rt denotes the excess monthly return obtained by subtracting the risk-free
rate from the portfolio return, R denotes the sample mean, and M=B is the
natural logarithm of the the market-to-book ratio measured as a deviation
from its mean. In Equation (19), I allow for a second-order term in the
dependence on M=B; while in Equation (20), I consider a piece-wise linear
speci￿cation of conditional volatility, where the terms (M=B)￿ and (M=B)+
denote the negative and positive parts of M=B; respectively. Consistent
with Figure 3 and the ￿nding of Kogan (2004), the estimate a2 is positive
and signi￿cant in both regressions.
42Figure 1: The no external investment region
Figure 1 shows the no external investment region in the space (!1;!2).
The coordinates of the corners are: A = (￿0:4943;￿0:4943); B = (￿0:2107;￿2:5257);
D = (0:7930;0:7930) and C = (￿2:5257;￿0:2107) which, when expressed
in terms of Ki
K0 = exp(!i); become A = (0:61;0:61); B = (0:81;0:08);
D = (2:01;2:01) and C = (0:08;0:81). The riskfree rate is constant and
equal to r =0.01: The discount rate ￿ is set to 0.02, while the risk aversion ￿
is 15. The investment cost parameter s is 0:9; while the disinvestment sd is
0.75. Finally, the expected rate of return ￿ and the standard deviation ￿ of
the productivity process are given by ￿ = 0:08 and ￿ = 0:14. Growth ￿rms
in industry two (respectively one) are located close the segment AB (AC).
Value ￿rms in industry one (respectively two) are located close to segment
BD (CD).
43Figure 2: Tobin￿ s q












Figure 2 shows the behavior of the ￿rms market-to-book ratios along the
line AD of the no trade region. The riskfree rate is constant and equal to
r =0.01: The discount rate ￿ is set to 0.02, while the risk aversion ￿ is 15.
The investment cost parameter s is 0:9; while the disinvestment sd is 0.75.
Finally, the expected rate of return ￿ and the standard deviation ￿ of the
productivity process are given by ￿ = 0:08 and ￿ = 0:14.
44Figure 3: Conditional volatility and tobin￿ s q








Figure 3 shows the relationship between Tobin￿ s q (horizontal axis) and
the conditional volatility (vertical axis) implied by my model using a panel of
40000 ￿rms. The riskfree rate is constant and equal to r =0.01: The discount
rate ￿ is set to 0.02, while the risk aversion ￿ is 15. The investment cost
parameter s is 0:9; while the disinvestment sd is 0.75. Finally, the expected
rate of return ￿ and the standard deviation ￿ of the productivity process are
given by ￿ = 0:08 and ￿ = 0:14.
45